SOLUTIONS (Week 7)
1) Using the hint, we get (n + 1)! —n! = n - nl. Then

a, =ag+2!—-1!
a, =a; +3!—-2!

a3=a2+4!_3!

Ap1=apo+nl—(n—-1)!

ap =dp_1 + M+ 1! —n!
If we add all the expressions side by side, we get a, = (n+ 1)! —ay+ 1! = (n+ 1)! + 1. Then a4, = 112! + 1.

2) First ten terms are 1,2,4,2,0,—2,—4,2,0,—2. The pattern 2,0, —2 is repeated. Since the order of recursion is 3, we

conclude that after the fourth term (a5), the sequence has period 4. Then, a;;, = a, = 0.

3)
a; =a;
az;=a,+a; =2aqq
a, =az+ 2a, =4a,
as = a4 + 3az = 10a,
ag = as + 4a, = 26a,
a; = ag + 5a5 = 76a,
Then a, = %
4)
a) 1,1,1,1,...
b) 2,2,2,2, ..
0 1,2,48,..,2"..
d) 1,3927,..,3" ..
e) 7,14,34,92,..,2" + 31 + 3, ..,
5) For any choice of the real numbers 4, B and C, the sequence with the general term A2™ 4+ B3™ + (C satisfies the
given recursion.
6)

a) 3" =3-3""1
b) 5371 —-6-3"2=5.3""1_2.3""1=3.37"1=3",
c) 4-3"1—-3.3172=4.37"1 _3n-1=3.3n"1=3"n
d) 3"14+6-3"2=3"142.3"1=3.3""1=3"
e) —3"14+9.3""24+9.3"3=_9.37"3 43" 49.3n3 =3n
f) 3"3415-3"3-6-3"3=27.3"3=3",
7) Forany 2 € R, the sequence {3"} satisfies the relation a,,, = (3 — a4, + 31a, forn = 0.
8)
a) m—-D+1=n
b) 2(n—1)—(n—2) =n.
¢ 32" 1—-1)-2("2-1)=6-2"2-2.2"2_1=2"—1,
d) 32(n-1)—-1]-3[2n—-2)—-1]+[2(n—3)—1] =3[2n—-3]-3[2n—-5]+ [2n - 7] =2n— 1.
e) 32n—-2)-32n—-4)+ (2n—-6) = 2n.
) 33n—-3)-33Bn—-6)+(3Bn—-9) =3n.
g 3(n—1)2-3n-2)2+m-3)2=3n*>-2n+1)-3(n2—-4n+4)+ (n?—6n+9)=n2



9)

10)

11)

12)

13)

14)

15)

16)

a) a,=A+B3"+C4™

b) a, = A2" + Bn2" + C7™

c) a,=A2"+ Bn2™+ Cn?2™,

d) a,=A42"+BA-D"+Cc(1+D)™

a) @y = (5+2M - (=3)),
b) a, =2"14+n2n"t - 37

¢ a,=3"-—n3"1,

a) ay=a,=1,a,=3 anda, = 2a,,_; —a,_3forn=>3.

b) ay=a,=a,=a3=1anda, =4a,, —6a,_, +4a, 3 —a,_,forn=>4.

¢ a=2,a,=1a,=8, a3 =34, a4, =113 and a,, = 6a,_; —13a,_, + 13a,,_3 — 6a,_4 + a,_s forn > 5.
d ay=2 a,=7 a,=12, a3 =17 anda, = 4a,_1 —6a,_, +4a,,_3 — a,_4 forn > 4.

e) ay=3,a,=4, a, =54, anda, =9a,,_; — 15a,_, + 7a,_3 forn = 3.

f) ay=1, a=1anda, =a,_, —3a,_,+3"—n?forn=>2,

g ay=1 a=1anda, =2a,_; +4a,_, +n2"forn > 2.
We have to show that ay(n42) = (28 + @®)azn+1) — B> azn.

Aon+a = Azn43 + Baonsa

alaazniz + Bazns1l + Basn+z

(@® + B)aznsz + aBaznsy

= (a® + B)aznsz + B(azniz — Bazn)
= (a? +2B)azn42 — B*azn.

Let a4, = aay4q + Ba, and b,y =yb,yq + 6b, for some a,B,y,6eR and n>0. We first assume that
characteristic equations 72 — ar — § = 0 and s? — ys — § = 0 both have two distinct roots say 77,7, and sy, S,.
Then general terms of the sequences are a,, = Ar{* + Br;' and b, = Cs{' + Ds} for some 4, B,C,D € R. It follows
that the general term of {a,b,} is AC(r;5)"™ + AD(r15,)™ + BC(rys1)™ + BD(r,s,)™. It is obvious that the
sequence {a,b,} satisfies a constant coefficient linear homogeneous recursive relation of order whose
characteristic equation is (t — r;5;)(t — 115,) (t — 1381) (t — 135,) = 0. We conclude that the linear complexity of
{anb,}is at most 4.

The case of the multiple roots can be shown similarly.

Characteristic equation of the common recursion is (r —2)?(r? + 1) —1) =r> = 5r* +9r3 —9r2 + 8r —4 = 0.
Then a,,15 = 5a,44 — 9ap43 + 90,4, —8a, 41 + 4a, and in particular as = 5a, — 9a; + 9a, — 8a; + 4a5 = 9.
By putting b,_; = %(an —aa,_4)inb, =ya,_, +8b,_4, we get ayy, —aa, = fya,_, + da, + daa,_, which

simplifies into a, 1 = (¢ + §)a, + (yB — ad)a,_,. This proves that {a,} satisfies the given relation. In a similar
way it can be shown that {b,} satisfies the same relation.

Since S, = S,,—1 + a, for any positive integer n, we can write

B (Sn—Sn-1—ap) + @ (Sns1 — Sp — Any1) = Spiaz = Sna1 — Anyz) = 0.
=0 =0 =0

Then —BS,_1 + (B — a)Sp + (@ + 1)Sps1 — Spaz + (@nyo — @ayyq — Bay) = 0 and finally,
=0

Spaz = (@ + 1)Spiq + (B — a)S;, — BSp—1.




